MopeaupoBanue, ONITUMHU3ANUS 1 HHPOPMAIMOHHbIE TEXHOJIOTHH / @ @ @ 2022;10(4)
Modeling, optimization and information technology https://moitvivt.ru

YK 517.929.2
DOI: 10.26102/2310-6018/2022.39.4.014

OnpenesieHue CKOPOCTH CTAOMIN3ANUU PELIEHUS OHOM
HAYaJbHOI 3a1a4M JJI YyPABHEHMsI TEeIJIONPOBOIHOCTH

A.C. Psabenxo, 3. Tpan=

Boponeorcckuii cocyoapcmeennuiii ynusepcumem, Boponeoic, Poccutickas @edepayus
tranduysp94@gmail.com=

Peziome. [Jlubdepenunanbabpie ypaBHEHUS] HHTEHCUBHO IIPUMEHSIOTCS] B KAUECTBE MOAETIEH IIHPOKOTO
Kpyra ecTecTBEeHHOHAay4HBIX 3aaad. /s GonpmmHcTBa AuddepeHnraIbHbIX ypaBHEHUH HE yAaeTcs
TIOJIYYHTh PEIICHHs B KBaJpaTypax, BHIPAKCHHBIX Yepe3 AJIEMEHTapHBIC HIIH ClieHalbHble (yHKIINH, a
€CJIM M yIAeTcs, TO 3a4acTyiO MPEJCTABICHUS 3TUX PELICHUI O4Ye€Hb IPOMO3IKH, UTO 3aTPYAHACT HX
MPaKTUYECKOEe UCIoNb30Banue. [103ToMy 04eHb OCTPO CTOUT BOIIPOC 00 OTBHICKAHWHU MPOCTHIX GOPMYIL,
KOTOpBIE C JIOCTaTOYHOM CTENEHBI0 TOYHOCTH OIUCHIBAIOT KAadyeCTBEHHOE IIOBEJICHUE pEelIeHU
I QepeHInaNbHBIX yPaBHEHUI Ha HEKOTOPOM HMHTEpPBaJe M3MEHEHUsS] HE3aBUCHMOM IMEPEMEHHOM.
s ompeneneHuss KaueCTBEHHOI'O NOBEACHUS pelleHHd audQepeHurnaNbHbIX YpaBHEHHH Ha
HEKOTOPOM MHTEpBajie W3MEHEHHUs HE3aBUCHUMOW IEepeMEHHON HCHOIb3yI0TCd aCHUMIITOTUYECKHUE
METO/Bbl. ACHMITOTHYECKHE METOIbI 00JIee MPeINOYTUTENBHBI, YeM YHCIICHHBIC METO/IbI, KOTa HYKHO
3HATh NOBEICHHE peleHst AudhepeHIaIbHOT0 ypaBHEHH S, PACCMAaTPUBAEMOI0 Ha HEOTPAHUYEHHOM
UHTEpBajie. JT0 OOBICHSIETCA TEM, YTO HEBs3Ka pemieHus AuddepeHnaIbHOr0 ypaBHeHUs (MOIYITh
Pa3HOCTH HCTUHHOT'O PELIeHHs M YUCICHHOTO PEeLIeHHsT) 0OBIYHO OIIEHUBAETCS CBEPXY Uepe3 BENUYHUHY,
NPONOPLUOHAIBHYIO IUJIMHE WHTEpBaja, HA KOTOPOM IPUMEHSETCS YHCICHHBIH meron. B pabore
paccmaTpuBaeTcsl oJHOMepHas 3anada Komm a1t HEOAHOPOJHOTO ypaBHEHUS TEIJIONPOBOAHOCTH C
OJTHOPOJHBIM HaYaJILHBIM YCIIOBHEM. Mcronb3ys SiBHOE Tpe/icTaBlieHne pelieHus 3aqaun Ko, Obia
MOCTPOCHA TOYHAs PaBHOMEPHAs OLEHKA M TOYHAs IMOTOYEHHAs OICHKAa CKOPOCTH CTaOHMIIM3AINU
pemenus 3agaun Koy k HyIro pu OOJIBIIIOM BPEMEHH.

Knrouesvle cnosa: pacnpeneicHue TeIla, CTaOWIM3allMs PEUICHHS, IOBEACHHE II0 BpPEMEHH,
ACUMIITOTHUKA IIO BpeMeHI/I, ypaBHeHI/Ie TeHHOHpOBO]IHOCTI/I, OLICHKaA II0 BpeMeHI/I, ACUMIITOTHUKA Ha
OECKOHEYHOCTH.
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ungopmayuonnvie mexnonozuu. 2022;10(4). ocrynHo mo: https://moitvivt.ru/ru/journal/pdf?id=1268
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Determination of the stabilization rate of the solution to one initial
problem for the heat equation
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Abstract. Differential equations are intensively used as models for a wide range of natural science
problems. For most differential equations, it is not possible to obtain solutions in quadratures expressed
in terms of elementary or special functions, and if it is possible, then the representations of these
solutions are often very cumbersome, which makes their practical application difficult. Therefore, the
question of finding simple formulas that describe with a sufficient degree of accuracy the qualitative
behavior of solutions to differential equations on a certain interval of variation of the independent
variable is very acute. Asymptotic methods are employed to determine the qualitative behavior of
solutions to differential equations on a certain interval of change of the independent variable.
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Asymptotic methods are more preferable than numerical methods when one needs to know the behavior
of the solution to a differential equation considered on an unbounded interval. This is explained by the
fact that the discrepancy of the solution to a differential equation (the modulus of the difference between
the true solution and the numerical solution) is usually estimated from above through a value
proportional to the length of the interval on which the numerical method is applied. The paper considers
the one-dimensional Cauchy problem for an inhomogeneous heat equation with a homogeneous initial
condition. Using an explicit representation of the solution to the Cauchy problem, an exact uniform
estimate and an exact pointwise estimate of the stabilization rate of the solution to the Cauchy problem
to zero for a long time were constructed.

Keywords: heat distribution, solution stabilization, time behavior, time asymptotics, heat equation, time
estimate, asymptotics at infinity.

For citation: Ryabenko A.S., Tran D. Determination of the stabilization rate of the solution to one initial
problem for the heat equation. Modeling, Optimization and Information Technology. 2022;10(4).
Available from: https://moitvivt.ru/ru/journal/pdf?id=1268 DOI: 10.26102/2310-6018/2022.39.4.014
(In Russ.).

BBenenune

OrpoMHOE KOJHMYECTBO TMPOIIECCOB, M3MEHSIOIUXCS C TEYCHHEM BpPEMEHH,
MOJIEIUPYIOTCS 3aa4aMH JUTst i hepeHInalbHBIX YpaBHEHUH U cucTeM auddepeHnnanbHbIX
ypaBHeHUU. B Takux 3amayax o/Ha M3 HE3aBHCHUMBIX MEPEMEHHBIX UHTEPIPETUPYETCS KaK
BpeMs M CTaHIapTHO 0003HAaUaeTcs t, a CaMH 33J]aud YacTO HAa3bIBAIOT HECTAIMOHAPHBIMH WK
ABOJIOIMOHHBIME. [Ipy M3yueHnn HecTallMOHAPHBIX 3a/1a4 €CTECTBEHHBIM 00pa3oM BO3SHHKAET
BOIIPOC O MOBEJCHUHU HMX pelIieHuil npu t — oo [1-4]. DTo moBeneHHEe MOKA3bIBACT, K YeMY B
WTOTE BOJIOLMOHUPYET MPOLECC, ONMUCHIBAEMbIN HECTAIMOHAPHOM 3a1a4eil.

Bosbiioe koaumuecTBO paboOT MOCBSAIIEHO W3YYEHHUIO MOBEACHUS MPHU t — o0 peleHui
3aja4y Juis napabonuueckux ypaBHeHui [5-9], Tak kak k 3amadaMm s MapaboIM4ecKuX
YpaBHEHMH MPUBOAATCS MHOTHE BaKHble (U3MYECKHUE 3a/Ja4yM, Harnpumep, 3a1a4yu
pacrpocTpaHeHus TeIuia, 3aaa4n AuQQy3nn, 3a1a4i TEOPHH MAPKOBCKUX MTPOIIECCOB | T. TI.

[Toxkanyii, ogHOI U3 nepBbIX paboT, MOCBAIIEHHBIX U3YUYEHUIO MOBEICHUS MPHU t — 00
peNIeHHs 3a1a9d JJIs1 TapadoIMIecKoro ypaBHeHus, 0buta padora [10] A. H. TuxonoBa. B Hei
aBTOP MOKa3aJj, YTO PEUIeHHE OJTHOPOJHOIO YPaBHEHHUS TEIIONPOBOJAHOCTH, PACCMOTPEHHOTO
B nutrHapryeckoi oomactu Q X (0; ), rae Q — orpaHnyeHHas 00JacTh B R™, mpuHUMaroIiee
Ha OOKOBOW MOBEPXHOCTH IWJIMHAPA 3HaYCHUS @ (X), paBHOMEPHO M0 X €  CTPEMHUTCS TIpH
t — oo Kk pemeHuto ypaBHeHus Jlamnaca B o0nactu @, MpUHUMAKOLIEMy Ha rpaHulle 001acTi
3HaYeHHA @ (X). DTOT pe3ynpTat 00001Iaics BO MHOTHX padoTax. Cpenun 3Tux padoT Oobioe
KOJINYECTBO OBIJIO MOCBSILEHO ONpPENENeHUI0 YCIOBUN, NPU KOTOPHIX pELIeHMs 3aj1ad JJis
napaboIMYeCKNX YpPaBHEHHWH CTAOMIM3UPYIOTCS TPU OONBIIOM BPEMEHH, B TOM YHCIIE
crabwmmsupytorcss k Hymo [11-14]. Yame Bcero B Takux paboTax paccMaTpUBAIHCh
OJTHOPOJHBIE YPAaBHEHWS, a TMOJl CTAOWIM3alWEH peIIeHUs] TMOHMMAJIOCh CYIIECTBOBAHHE
PaBHOMEPHOTO WJIM MOTOYSYHOTO mpejena npu t — oo [11].

Taxum oGpa3om, mpu U3ydeHHUH 3a/1ad JUIs MapaboIMUecKUX YpaBHEHUI U BOoOLIe [Tt
HBOJIIOI[MOHHBIX YpaBHEHHH €CTECTBEHHBIM 00pa3oM BO3HHKAET BOIPOC 00 OMpeaereHUuu
CKOPOCTH CTa0MJIM3alMU PEILIEHUH.

B paGore paccmarpuBaercs 3a1a4ya

wxt) 5 0%v(xt)
at “ o T fCe D), (1)
v(x,0) =0, (2)

rnet > 0,x € R,a = const > 0.
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[Tox pemenuem 3anauu (1)-(2) moHUMAETCS KJIACCUYECKOE PEIICHUE.

[Ipennonaraercs, uyto ¢yHkuus f(x,t) OPUHAAICKUT MOPOCTPaHCTBY C ftl (R X
(0; 00)) nc (R X 0; 00)) , SBIsSeTCs (UHUTHOH IO COBOKYIIHOCTH TIEPEMEHHBIX U
Jy J2,f .7 dydz # 0.

Xopoio u3BectHO [15], uTo mpu chopmyIupoBaHHBIX yCiaoBUsAX Ha GyHkiwmio f(x, t)
pemenue 3anauu (1)-(2) 3amaercs popmynoit

__(x=y)?
o e 4a2(t_r)f(y'r)d d'[

v(x,t) = fot f—oo 2a/n(t-1) y @)

lenpto pabOTHI SBIAETCA TOCTPOCHHUE TOYHOM pPABHOMEPHOH OIEHKHM W TOYHOM
MOTOYCYHOM OIIEHKH CKOPOCTH CTA0MIIM3AINH K HYJTF0 QYHKINH V (X, t), 3aIaHHON paBEHCTBOM
(3), mpu GOIBIIIOM BPEMEHH.

OneHKa CKOPOCTH CTA0MIN3AINT

Teopema. Ins pynkuuu v(x,t) Opu AOCTATOYHO OONBIINX t PaBHOMEPHO MO X € R
BBITIOJTHCHA OI[CHKA

lv(x, t)] < Ct=/2,

rae C — HeKoTopasi KOHCTaHTa, MPUYEM ITO HE yiIydlllaemMasi paBHOMEpPHasl OIlCHKa.
s moboro (uKcUpOBaHHOTO X € R mpu t — oo chpaBeAiiuBa aCUMITOTUYECKAs

dbopmyna

v(x,t) =

t—1/2 00 ~O0 _
I 1T F ) dydT + O,

npuaem onenka O(t~3/?) paBromepHa no x € [—Ny; N;], tne N; — moGoe (pUKCHPOBaHHOE
TOJIOKUTENILHOE YUCIIO.

Hoxa3zarenbcTBo. Tak kak ¢pyHKIus f (X, t) QUHATHA 1O COBOKYITHOCTH ITIEPEMEHHBIX, TO
HaiieTcsl Takas MOJIOXKHTENbHas KoHcrtanta N, uto suppf(x,t) € [-N;N] x [0; N]. Torna
nput > N

__(x=»)?

N (N e *C-Df(yr)
v(x6) = J, f—NWdydT' “)
Bocnons3oBasmmcs popmyoi Teinopa, moirydaem, 4To
(x=y)* 2 _(»Pe
T4a2(t-1) — 1 — M T aaZ(t-1)
€ 4a2?(t-1) € ' (5)

rne0 < Q<1
C yuetom (5) mpu t > N npencrapiienne (4) MOXHO 3aMMcaTh B BUJIC

v(x,t) = I;(t) + L, (x, 1), (6)

Trac

L(t) =

1 N N :
J f(y,7) dydr,
0

Za\/E _NVt—T

1 N (N (x — ) 2f(y, 1) G0’
f (x-y) f3(/3; ) a0 dydr
8a3m 0o oy (-7

IZ(x' t) = -
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N3 dpopmysr Teiinopa ciaeayer, uro mpu @ > 0 1 MaJIBIX X
(1—x)"*=1+ax(1—xQ,) 179,

rne 0 <Q, <1.
[Ipu nomo1y nocaeaHero paBeHcTBa HaxoauM, uronpua > 0ut > 1

o= (1-3 " =1 2(1-Fa) ) -

-1-a

— —1— T
=t a0 (1-1Q,) 7)
[Tpumenus (7), moy4aem, 4TO IPHU JOCTATOYHO OOJIBIINX t

1 NV o _
Il(t)_Za\/E . _deydr—

1 N N 1 -3/2
[ Lo (e

2;; j FOnDdydr + e f Fome(1-Su) dydr=

=1;,(t) + I, (t) (8)

rIe

-3/2
Ill(t)—zaff [N fDdydr, @) = S [V [ f o (1-20y2)  dyde.

IIpu nocrarouno OonbLIUX t

o= '[!

< C1t_3/2f f If (v, 7)|tdydt < Ct=3/2,
0o J-n

-3/2

)T (1 — —Q1/z) dydtr <

TO €CThb
|1, ()] < ct=3/2. ©

[Mpumenus (7), momy4yaem, 4TO MPH AOCTATOYHO OONBIIMX ¢

1 N N
L(x,t) = —Ba%fo f_N(x
_(x=»)?Q1

3 T —-5/2
o) (43 (1-Fa) e T ayar =

G »2Q1
= 8a3ff S5, = 92 f (v, 1) 2D dydt — (10)
3t75/2 N N -5/2 _(x-»*Q
- 16ta3\/Ef0 f—N(x -V (1 N ?Q3/2) e *«?t-ndydr =1,1(x,t) + L;(x,t),
(10)

Trac
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—3/2 (x ZY)2Q1
G 8) = f f (x = V)2 f () @ ED dydr,
’  8advn
3t~>/2 -5/2 _(x=9)’Q

haten = - [ f_N(x ~ 0.0 (1-20s) € D dydr

16a3vVm J,

IIpu nocrarouno OospUX t

ol =i [

SClt‘3/2j f (x — Y)?|f(y, ) |dydr < Ct™3/2,
0o J-n

_(x=¥)%Q4
(x = »)?*f(y, e 4@ tD

dydtr <

TO €CThb
|l (x, 0)| < ce73/2, (11)
[Ipu nocraroyHo GONBIINX t

-5/2 _(-»*Q
@ -0 (1-20;2) e wzv—ﬂ‘dydrs (12)

|2 (6, 0)| < 16a3\/—ff

N (N
< Clt_s/zf f (x — v)?|f (v, 7)|tdydr < Ct=5/2,
0o J-n

VuurteiBast punutHOCTE dyHKIMUf (X, 1), u3 (6), (8)-(12) cnenyer, yro mis mr0bOro
(ukcupoBaHHOTO X € R mpu t = ©

=12 0 oo _
v(x,t) =5—= [ [ f(.7) dydt + O(t 3/2), (13)
U3 (4) HaxoauM, 4TO MPH JOCTATOUYHO OOJBINUX t paBHOMEPHO M0 X € R
N
v )l < = f [, L2 dydr. (14)

Bocnonb3oBaBmiuch (7), mosydaem, 4To MPH JOCTATOYHO OOJBIINX t

ffN 'f(y'f)'dd fflf(ym( S g ey (1——01/2)_3/2>dydr=

= t~1/2 fON f_Nle(y, 7)| dydt + %fON f_NN|f(y, 7|t (1 - %Q1/2) " dydr =
L) + L), (15)

Trac

~ _ N (N - -3/2 /
L) =2 [0 [ If ol dydt Loy =— [ [ If0. 0l (1-301,)  dydr.
Jlerko BUACTD, YTO IMPU AOCTATOYHO 6OJ'ILI_HI/IX t
L) <Ct V2 I(t) < ct3/2, (16)

U3 (14-16) cnexyeT cymiecTBOBAaHUE TAaKOHW MOJIOKHUTEIbHOM KOHCTaHTHI C, 4TO TpHU
JIOCTAaTOYHO OOJBIINX ¢ pABHOMEPHO 110 X € R BBINOJHEHA OIIEHKA

lv(x, t)] < Ct~1/2. (17)
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[Tokaxxem, uto (17) He ynydiraemasi paBHOMEpHas 1Mo X € R oreHka.
[Ipenmonoxum, 4To MpU TOCTATOUYHO OOJBIIUX t PABHOMEPHO MO X € R BBHINOJIHEHA
OLICHKA

lv(x,t)| < Ch(t), (18)

rae h(t) = o(t™Y?) mpu t — o0, a C — HEeKOTOpPask KOHCTAHTA.
N3 (18) ciemyet, uro mipu 1r000M GUKCUPOBAHHOM X € R ISl JOCTATOYHO OOJIBIINX t
BBITIOJTHEHA OI[CHKA

|tY2v(x, t)| < Ch(D)tY/2. (19)

Ucnons3ys (13), Haxoaum, 4To AJis J000T0 (PUKCUPOBAHHOTO X € R

I 12 ) dyde #0,

, 1/2 — 1
%ggt v(x,t) "

a u3 ycnosus Ha Qpynknuto h(t) cnemyert, 94To

limh(t)t'/? = 0.
t—w
CnenoBarenbHo, oueHka (19) HeBepHa, a 3HauuT, oueHka (17) He ymydiiaemas
paBHOMepHasi 110 X € R oleHKa.
Teopema oka3ana.

3akjiao4yeHue

B pabote paccmaTtpuBanack ogHoMepHast 3a1a4a Koty 171t HeOqHOPOAHOTO YpaBHEHUS
TEMJIONPOBOJHOCTH C OJJHOPOJHBIM Ha4aJIbHBIM yCIOBHEM. VIcob3ys IBHOE MPEACTABICHUE
pemenus 3anaun Koy, Obl1a mocTpoeHa TOYHAs paBHOMEPHAsI OLIEHKA M TOYHAs TOTOYeYHAas
OIIEHKAa CKOPOCTHU CTaOMIU3alluu petieHus 3aaaun Ko K Hy o npu 60IbII0M BpEMEHHU.
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