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OnrumajibHOE yrpaBJ/ieHHe 00eBbIMHU J1CHCTBUSMH
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Boponeaicckuii 2ocyoapemeennbiii yrueepcumem, Boponesic, Poccutickas ®edepayust

Pe3rome. B cTaThe MpeIoKeH METO, PEIICHUS 3ala4d afaNnTalud JUCKPETHOM MOJENH YIPaBJICHHUS
3amacaMM K 3agade O OOeBbIX JeHCTBUAX JAByX apmuid. Llenbio sBisercss WACHTUQHKALUS
YIPAaBISAIONIETO BO3JICHCTBHA Ha JMHEHHYI0 CHCTEMY pPa3HOCTHBIX YpPaBHEHHWH, MMO3BOIIIOLIETO
NEPEBOAUTE €€ W3 HA4albHOIO B KOHEYHOE COCTOSHHUE B 3aJaHHBIX IapaMeTpax IMpU YCIOBUHU
MUHUMM3AIUKA 3aTpaT. J{MCKpeTHbIE YIpaBiIAeMble IMPOLECCH HIPAOT BAXKHYIO POJb B TEOPUU H
[IPaKTUKE ONTUMAJbHOIO YIPABJIECHHs, ITOCKOJBKY MHOTIME 3a[a4d IIaHUPOBAHUS OIMCBIBAKOTCS
MMEHHO CHCTEMaMH Pa3HOCTHBIX ypaBHeHUi. {1 cucTtemMpl ypaBHEHHH MOAOOHOTO BUIA XapaKTepeH
JTUCKPETHBIM THUI KOHTPOJIS KOJIMYecTBAa OOEBhIX €AMHUI] Ha TeKymieM dTare. [loctaBku hopmupyrorcs
yepe3 (UKCHpOBaHHbIE NPOMEXYTKH BpeMeHH. O(QPEKTUBHOCTh YNpaBICHHUS KOHTPOIUPYETCS
(Bepudunupyercs) KBaJIpaTHUYHBIM KPUTEPUEM KadecTBa, KOTOPHIM XapaKTepu3yeT 3aTpaThl Ha
npoBefieHne OoeBbIX jAelcTBUil. KpuTepnii moOKas3plBaeT CyMMapHbIE pacxXollbl Ha TIOCTaBKU U
cojepkaHue OOEBBIX CIMHUI, M3MEHEHHE KOJIMYECTBA KOTOPBIX OMpeAessieTcsl TpeMs (akTopaMu:
TEMIIOM ITOTEPh B pe3yJibTare O0EBBIX IEHCTBHUIL, €CTECTBEHHBIMU TOTEPSAMHU M CKOPOCTHIO MOCTYIIIICHUS
noakpemieHuid. IlocTpoeHne ONTUMAIBHOIO YIPABISIOLIETO BO3JECUCTBHUS IPOBOIAUTCS METOIOM
oOpatHO# cBsizu. OTMeYaeTcs, YTO peLIeHUE MOCTABJICHHOW 3alauyd YCIOXKHSETCS TeM (aKToM, YTo
HEOOXOIUMO Cpeld BCEX BO3MOXKHBIX PEIICHHH HAaWTH Takue, KOTOpbIe IO3BOJISAT pealu30BaTh
MOCTaBJICHHBIE IENM C HAaNMEHBLIMMH 3aTpaTaMU YeJIOBEUECKHX W MaTepHUalbHBIX PECypCcoB. DTH
3aTpaThl MPEACTAaBICHbl KakK (DYHKIUH HECKOJNBKHX MEPEMEHHBIX, 3HAUCHHS KOTOPBIX W3BECTHHI B
HayalbHBII MOMEHT BpeMeHH. B cTarbe 00OCHOBaHO, YTO [JIsl PELICHHs 3aJa4d ONTUMAaIbHOIO
yIpaBJIEHHUs] pecypcamMH MPUMEHUTENFHO K Cllydaro 00eBBIX JCHCTBHH JBYX apMHUi MeTOa oOpaTHOU
CBSI3H SBJIICTCS HauOoJee NpeanouTuTeabHbIM. Pa3o0paHo Heckosbko npuMepoB. Peanuzamus merona
0o0paTHON CBSI3M HAIJSIAHO ITOKA3bIBAET, YTO OOJee AIUTENbHBIA HPOMEXYTOK MPOTHUBOCTOSHUS
3aMETHO CHIDKAeT MOTepu. MaTepuanbl CTaTbU NPEICTABIAIOT NPAKTUYECKYIO LEHHOCTh IS
CTPaTETHUECKOT0 IIAHUPOBAHHUS B YCIOBHSIX BOCHHBIX KOH(IUKTOB.

Knwouesvie cnosa: ontuManbHOE YIPaBICHUE, TUCKPETHAS CHCTEMa, IPUHIHI 00paTHOH CBsI3U, 00EBbIE
JIEHCTBHS, YIIPABIISOIIEE BO3ICHCTBHE.
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Optimal management of combat

E.P. Belousova=

Voronezh State University, Voronezh, the Russian Federation

Abstract. The article proposes a method for solving the problem of adapting a discrete inventory
management model to the problem of combat operations of two armies. The aim is to identify the control
effect on the linear system of difference equations, which allows it to be transferred from the initial to
the final state in the specified parameters provided that costs are minimized. Discrete controlled
processes play an important role in the theory and practice of optimal control since many planning tasks
are described precisely by systems of difference equations. A system of equations of this type is
characterized by a discrete type of control of the number of combat units at the current stage. Deliveries
are formed at fixed intervals. The effectiveness of management is controlled (verified) by a quadratic
quality criterion, which characterizes the cost of conducting combat operations. The criterion shows the
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total cost of supplies and maintenance of combat units, the change in the number of which is determined
by three factors: the rate of losses as a result of hostilities, natural losses and the rate of receipt of
reinforcements. The construction of an optimal control effect is carried out by the feedback method.

It is noted that the solving this task is complicated by the fact that it is necessary to find among all
possible solutions those that will make it possible to achieve your goals with the least expenditure of
human and material resources. These costs are presented as functions of several variables, the values of
which are known at the initial time. The article proves that in order to solve the problem of optimal
resource management in relation to the case of combat operations of two armies, the feedback method
is the most preferable. Several examples have been analyzed. The implementation of the feedback
method clearly shows that a longer period of confrontation significantly reduces losses. The materials
of the article are of practical value for strategic planning in the context of military conflicts.

Keywords: optimal control, discrete system, feedback principle, combat operations, control influence.

For citation: Belousova E.P. Optimal management of combat. Modeling, Optimization and Information
Technology. 2024;12(1). URL: https:/moitvivt.ru/ru/journal/pdf?id=1511 DOI: 10.26102/2310-
6018/2024.44.1.009 (In Russ.).

BBenenue

PaccmoTpuM nuCKpeTHYIO MOJIEb, OMHMCHIBAIONIYI0 OOEBBIC NEUCTBHS IBYX apMHA.
OO011y10 MOCTAaHOBKY 3a7a4l MOKHO HaiT B [1-3]. [1aBHO# XapaKTepHCTUKON CONEPHUKOB

SBISICTCS. WX UMCICHHOCTh B TeKymmii MomeHt Bpemend, X,(k)=>0 u x,(k)=0

COOTBETCTBEHHO. BO BpeMs cpakeHMII MEXIy apMUSMU H3MEHEHHE KOJMYECTBa OOEBBIX
eIMHHI] XapaKTepU3yeTcs Tpemst (haKTopaMu:

1. Temmom motepb, 0OYCIIOBIEHHBIX OOEBBIMH ACUCTBUSMH IPOTUBOOOPCTBYIOIIUX
CTOPOH, KOTOPBII 3aBUCHT OT KauecTBA TAKTUKH U BOOPYKECHUI.

2. CKOpOCTBIO YMEHBIICHUS COCTaBa W3-3a MPUYHH, HEITOCPEICTBEHHO HE CBSA3aHHBIX C
0OEBBIMH JICHCTBHUAMU (HEUCITPABHOCTh TEXHHUKH, OOJIC3HH, TPABMBI, I€3EPTHPCTBO).

3. CKOpOCTBIO MOCTYIIICHUS OJKPEIIIICHUH, KOTOpasi 3aBUCUT OT MOMEHTA BPEMEHH K,
U B JaJbHEHINIEM TPAKTyeTCs KaK yIpaBisioniee Bo3ieiicTBHE.

C yuerom 3Tux (aKTOpOB JTUHAMUKY M3MEHEHUS MPEACTABUM CIeIyIomeil cucTeMoi
Pa3HOCTHBIX YPaBHEHHUI:

x,(k+1)—x,(k) =—ax,(k)— B,x,(k)+ y,(k)
xz(k +1)— xz(k) =—0,X, (k)— ﬂ1x1(k) +7, (k),
(k=0,1,...,N-1),
r(k) = gu(k), y,(k) = Su(k).

rae a,,a, 20 — Ko3QPUIMEHTBI, KOTOPBIE ONMMCHIBAIOT TEMIIBI OTEPH OOEBBIX EIMHHUIL U3-3a

(1)

IIPUYMH, HE CBA3aHHBIX C JCHCTBUAMH COIIEPHUKA;
B,, B, >0 — CKOPOCTH MOTEPL apMUI BO BpeMs OOEBBIX JICHCTBHI;
£,E,>20 — CKOpPOCTH W3MEHEHHsSl YHCIICHHOCTH CONEPHUKA 33 CYCT MOCTYIUICHHS

MOJKPETICHU .

Jlnst peneHust CUCTEMbI Pa3HOCTHBIX ypaBHEHUH (1) 3a1aauM HadambHbIE YCIOBUS X,

11 MOMeHTa BpeMeHu K = Ky u KoHeuHble X| Il MOMEHTa BpeMeHH k = N M IpoBeaeM

UCCIIeIOBaHUE TpeOOBaHMM, 00ECTIeUMBAIONINX OIpEAeICHHEe ONTUMAILHON YIPABISIONICH
¢ynkuun u0(k).
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T R IR
K : @
MarepuaJbl 1 METObI
[TpuBenem cHavana oOMIMIA BUJ CUCTEMbI pa3HOCTHBIX YpaBHEHHH. A UIMEHHO
x(k + 1) = Ax(k) + Bu(k), k=k, k, + 1,..., N- 1, 3)

B KOTOPOH X — N-MEpHBII BEKTOP (ha30BBIX KOOPJMHAT, 1 — M-MEPHBIA BEKTOP YIPABIISIOIINX

cum, 4, u B — nocroguueie MaTpunpbl. Cucrema (3) OyaeT BIOJHE yNpaBisieMa, €Clu

n
CTIPaBEITUBO yTBEPXKICHHE 1.
Ymeepocoenue 1. Jlns toro utoObl cuctema (3) ObUta BIIONHE YIPaBISEMOMN,
HEOOXO0IMMO U JOCTAaTOYHO, YTOOBI paHT MaTpullsl /B, AB, A ’B,..., A"'B / ObLI paBeH n [4-7].
[Ipu 3amannbIx k = ko, kK = N v 3Ha4eHusX (2) HEOOXOAUMO MOCTPOUTH YIPABIISIONIYIO
dbynkuio 1’ (k) Takum 00pa3zom, YTOOBI CUCTEMA MPUHSIIA HHTEPECYIoIee HaC COCTOsTHUE X, .

Ynpasnsioniee Bo3aeiicTaue u’(k) BrIcTpanBaeTcs TakuM 06pa3oM, YTOOBI OBLIO CIIPaBEUTHBO
HEPaBEHCTBO

)= u K (k) < 1) = 3 " [k ulk] @)

BBCILCM JOITIOJIHUTCIIbHBIC BEJIMYUHEIL:
c(ky,x,)=x,— A" "x,, S(k)y=A"""B, (k,<k<N-1),
H" =[S(k,),S(k, +1),...,S(N = 1)], (5)

2

rae marpuna H Y umeer pasmeprocts 11X (m- (N - k,)). TIpeanonoxunm, KpoMe TOro, 4To

3HaueHus X, X, M MOMEHT BpeMeHHU K, TaKOBBI, 4TO BHINOJHSIOTCS yTBEPIKIEHHS 2, 3.
Ymeepacoenue 2. Bexrop c(k,,X,) IpHHAIICKHUT TIOIMPOCTPAHCTBY, HATSHYTOMY Ha

. k
JMHEWHO HE3aBUCUMBIE CTONOIBI Marpunbl [ (ko) (3aMeTuM, 4YTO JaHHOE YCIIOBUE
PaBHOCHUIILHO TPEeOOBAHUIO MOJTHOM YIPABIIEMOCTH CUCTEMEI (3)).

Ymeepicoenue 3. JIns Toro utoOb1 ynpaBiaeHus {u( ko ), u( ko + 1),..., u(N— 1)}
nepeBon cuctemy (3) u3 coctossHUs X( ko) = X, B cocrosHue x(N) = X,, HEOOX0IUMO U

JIOCTAaTOYHO, YTOOBI BEKTOPHI U( ko ), u( ko + 1),..., u(N — 1) ynoBIeTBOPSUIH COOTHOIIICHUIO

NZ_I S(kyu(k)=c(k,,x,)- (6)
3agaauM BEKTOP
- u(ky) ]
k) u(k, +1) (7)
M
| u(N 1) |
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Y TIEpeTuIeM COOTHOIIeHHE (6) B popMe CIeayIoero ypaBHeHUS :
(ko), (k) _
H™u" =c(k,,x,). (8)

[Tockonbky pemienue 3amaud (3) paBHOCWIBHO pEIICHUIO ypaBHeHUs (8) mpu
BBITIOJITHCHUH YCIIOBUU (4), MCIOJIB3yeM METOoJ oOpaTHOW cBsizu. [lmst 3TOro BBEmeM B

paccMOTpeHHte 1ceBaoobparnyro Matpuny +ko) [2] mo mpaBuy
H ko) — HT(ko)qH(ko)HT(ko)]+

Torma umeer MecTo mpeIcTaBlIeHNE

N-1
D(ky)=H"H"™ =" S(k)S" (k), )

k=k,

B KoTOpoM D( ko) — CUMMETpHUYECKasi, HEOTPULIATENIbHO ONPEIeTIeHHAs MaTpULla Pa3MEPHOCTH

(n Xn). B Takom ciyuae, cornacHo [7], MOKHO OINpPENEIUTh €UIE OJHY BCIOMOIATEIbHYIO
MaTpHIly

D" (ko) = Z /’ii_luz'UiT J
i=1

B xoTopoit 4, > A, >..> A > 0 - cobcreennnie 3nauenns matpuuet D(K,), a U;, U, ,...,

U, — ee COOCTBEHHBIE BEKTOPEL. TOrna MMeeT MECTO PaBEHCTBO

H = H"®D* (k). (10)

B ykazaHHBIX 0003HAYEHHSX HOPMAaIbHOE TIICEBIOpEUICHHE YypaBHEHUS (8)
IIPEACTABUMO B BUJIE

10 ko) — H+(k°)c(k0,x0)
NN

u’™ = H" D" (k,)e(ky, X,). (11)

3ameTuM, 4TO OTHOCHTENbHO HemsBecTHbIX U, (ky),u, (ky),u, (k,), u,(k,+1),

u,(ky +1),00, u, (ky+1), w(N-1), u,(N-1),.., u,(N—1) Beipaxenue (8) npeiacrapiser

. . 0(k
coboii cucreMy u3 n ypaBHeHnuit. [Ipu atom ¢pyHKums U () , onpenensiemas paBeHcTBoM (11),

COBIIAJAET C pEIICHHEM CHUCTeMBbI (8) ¢ MUHMUMAaJbHOW HOPMOW pa3HOCTH B cCilydae, €cClid

CHUCTEMA COBMCCTHA U C HOPMAJIbHBIM IICEBAOPCIICHUEM, €CJIM CUCTEMA HECOBMECTHA. B3ss k-
0(ko)

IO KOMIIOHCHTY BCKTOpa u , HOCTPOUM OITHUMAJIBHOC VYIIPABJIICHUC HaA k—M orare
(k,<k<N-1) BBune
0 T
u (k)y=S8" (k)D" (ky)c(ky,x,),
(k=ky,k,+1,....,N-1). (12)
By em samachiBarth ero kak U’ (k) = u’ (k;k,,x,) . BBeneM eime HekoTOpBIE MONE3HbIC
0003HaueHHs. A UMEHHO:
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c(k)=c(k,x(k)) = x, — A" *x(k) (13)
D(k):fS(i)ST(i). (14)

IIpaByto yacTe paBencTBa (12) paccMoTpuM Kak (QYHKIMIO TEpPEeMEHHBIX k =k n

x, = x(k). C ucronp3oBanuem npuHupmna 06paTHoil cBsisu [8-10] ompenenuM ONTUMAIbHYO
YIPABIISIONTY IO (DYHKITHIO

u'lk, x(k)]=u’[k;k,x(k)]= S" (k)D* (k)c(k)
k=kyk,+1,., N —1. (15)

Omnpenenenue ympapistomend pyHKIUU, B COOTBETCTBUU ¢ (15), sBIsSETCS penieHneM
IIOCTaBJICHHOHN 3aJa4u.

Pe3syabTarsl

[TpoumtrocTpupyeM penieHne 3a1a4i Ha KOHKPETHBIX pUMepax.

Ilpumep 1. TlycTh KONMMYECTBO MPOTUBOOOPCTBYIOIIMX CTOPOH n=2, KOJUYECTBO
HCTOYHUKOB MOAKPCIIJICHUA IJId Ka)I(,Z[OfI U3 CTOPOH m=], KOJMYCCTBO PACCMATPUBACMBIX
MIEPHOJIOB BpEMEHHU (MecseB) N=10. Hcxonnoe COCTOSIHHE CHUCTEMBI
x(ky) = x, =(5000,5000), KOoHeyHOE coOCTOsHME cucTeMbl  x(N)=x, =(5000,1000).

Koapduunentsr, popmupyromue marpuny 4: o, = 0,1, a,= 0,05, 5=0,2, 5=0,3.

Matpunia A4, koropas XpaHUT B cebe HHPOpPMAIMIO O CKOPOCTH CHIDKEHUS
YUCIIEHHOCTEN apMui, B TJAaHHOM CJIy4ae UMEET BU/

0.9 -03
A= !
-0.2 0.95
Kpome Toro, ompemenum Matpuily B, OTBEUHAIOUIyI0 3a CKOPOCTh MOCTYIUICHUS
MOJAKPETUICHUI:

1
B= .
0,5

Tpebyercs onpenenuts:
1) onTuManpHOE ynpaBieHUE u(k ), IOCTABJIAIONIEE MUHIMYM KPHTEPHIO KA4eCTBa;

2) BeTWYMHBI TOAKPETUICHUI B KaXKIbIH M3 paCCMaTPUBAEMBIX IIEPHUOIOB, TAKHE, YTOOBI
CHUCTEMa Iepelna U3 Ha4aJalbHOI'O0 COCTOSIHUSA XO B KOHEYHOE xl .

[Momyuwnu:
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x1(ke| = 5eee
x2(k8] = 5088

u(ke| = [2425)

x1[k6] = [4608)
xL(kl] = (5825} oo (o710
X2[k1] = (4962} 6] - (1242}
u(kl] = (2083}

x1[k7] = [4473)
x1(k2] = {5876} y5|k7) = (2232
x2(k2] = (4671} (k7] = (1105}
ulk2] = (1797}

x1[k8] = [4462)
x1[k3] = {5325}  y3(k8] = [1779]
x2[k3] = [4248} (k8] = (1136}
u(k3] = (1562}

x1[k9] = [4618)
x1[kd4] = [5@82) x2(k9] = (1365}
x2[k4] = (3745} y|k9) = [1253!
u(k4] = (1375}

x1[k1@] = [5@e0)
X1(K5] = [4825} «x2(k18] - (1000}
x2(k5] = [3228}
u(k5] = [1234] KpuTepuit kauecTsa: |2.46855x18" }

PucyHok 1 — Pe3ynmpTaThl YMCIEHHOTO SKCIIEPUMEHTA
Figure 1 — Numerical experiment results

IIpumep 2. KonuuecTBO IPOTUBOOOPCTBYIOUINX CTOPOH 7=_2, KOJIUYECTBO UCTOYHIKOB
MOJKPEIUICHUST ISl KaKIOW W3 CTOPOH m=I[, KOJIUYECTBO pPAacCCMATPUBACMBIX ITEPHOJIOB
BpeMeHn (mecsaueB) N=5. Hcxomnoe cocrosnue cucreMsl  x(k,) = x, =(10653,9134),

KOHEYHOE COCTOsiHME cucTeMbl x(N) = x, =(5000,2000). Kosdpduuunentsi, obpasyrommue
marpuiy A: ¢, = 0,125, ,= 0,51, 5=0,1, 5,=0,31.
Marpuna A umeer BUI
0,875 -0,31
101 0,49

Marpuna B, orBedaromas 3a CKOPOCTb IOCTYIUIEHUS MOAKPEIUICHUMN, IIPEICTaBIIsAET
co0o¥i clenyIomuii BEKTOP:

[0,9
10,25

Tpebyercs onpenenuTh:
1) ontumansroe ynpasnenne U(K), mocraBisoniee MUHIMYM KPHTEPHIO KauecTBa;

2) BeTWYMHBI TTOAKPETUICHUH B KXK/IbIH M3 paCCMaTPUBAEMBIX ITEPHUOIOB, TAKHE, YTOOBI
CHUCTEMa Iepelia U3 Ha4ajabHOI'O0 COCTOSTHUA xo B KOHEYHOEC X, .

[Tonmyuwnmnu:
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x1(k@] = 5eee

x2(k8| = 5660  x1(k6| = (4608}
u(ke] = (2425}  x2(k6| = (2719]
ulke] = [1142]
X1(k1] = [5425)
x2(k1] = {4962} _
x1[k7) = (4473}
u(kl] = {283}
x2(k7] = {2232}
xi(k2] = (s476; UIK7] = (1165]
x2 (k2| = {4671}
ulk2| = {1797}  X1[k8] = {4462}
x2 (k8] = (1779}
x1(k3| = {5325} u(k8] = {1136}
x2 (k3| = {4240}
x2(k9] = [1365}
x1(k4| = (5082} _
ulk9] = (1253}
X2 (k4| = {3745
ulkd] = (1375}
x1(kle| = [(5eee;
x1(ks| = (4825) X2[k1@] = (1000]
x2(KS] = (3228}
u(kS|] = {1234}  KpuTepuii kadecTsa: {2.46855)(19?:-

PucyHok 2 — Pe3ynmbTaThl YMCICHHOTO SKCIIEPUMEHTA
Figure 2 — Numerical experiment results

OTmeTHM, 4TO pelIeHNs B TOYHOCTH HE COBIAIAIOT C KOHEYHBIM BEKTOPOM H SIBJISIOTCS
JUIIb NPUOMMKEHHEM K COCTOSHMIO X,. OYEBMIHO, YTO B PEANbHBIX 3aJaYax NPHIETCA
M0KEPTBOBATh MUHMMAJIbHBIM 3HAaYEHUEM KPUTEPHsI KaUeCTBa IPH HaWeHHBIX u(k) B MOIB3Y

LIEIOYHCIICHHBIX JIEMEHTOB BeKTOpOB X (k).

Oo6cy:xnenne

PeByHBTaTBI YHUCJIICHHOI'O BKCHepI/IMeHTa Jal0T OCHOBAHHUC 110Jlarartb, 4YTO MCTO[
00paTHOM CBsI3W, BBIOPAHHBIM JJIS PEIICHUS JAHHOW ONTHMMH3AIMOHHOM 3a/1auu, SBISICTCS
BE€CbMa 3(1)(1)6KTI/IBHBIM. OH HpI/IMeHI/IM TOJIBKO IJIs1 CUCTEM, B KOTOpBIX IIOITIOJITHCHUC U pacxozl
pPeCypcoB TMPOUCXOIUT HYepe3 OINpeseieHHbIe (PUKCUPOBAHHBIE TPOMEKYTKH BPEMEHH, H
MO3BOJISIET CKOHCTPYUPOBATh YIIPaBJIAIolIee BO3ACHCTBUE, CBOSIIEE BCE BOZMOXKHBIE 3aTPAThI
K MUHUMYMY.

3akjao4yeHue

N3noxeHHbI B cTaThe CMOCOO yIpaBieHUsS OOCBBIMH JEHCTBHSIMH MOXET OBITH
PEKOMEH/IOBaH B KadecTBe pabodyero MHCTPYMEHTA CIICIHATUCTaM, KOTOPBIC 3aHUMAIOTCS
CTpaTETUYECKUM TIAHMPOBAHUEM B YCIIOBHSIX BOCHHOTO MTPOTHBOCTOSIHUSI.
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